We give a complete classification of Dembowski-Ostrom polynomials from Dickson polynomials of arbitrary kind over finite fields of odd characteristic.
Introduction
Let p be an odd prime. We shall denote, as usual, by F q , the finite fields with q = p e elements, where e is a positive integer. For any non-negative integer k, and any element a ∈ F q , the k-th Dickson polynomial of first and second kind are given by
respectively, where a ∈ F q is a parameter. The Dickson polynomial of first kind was introduced by Dickson [4] in his Ph.D. thesis of 1897 and its variation, which is now called Dickson polynomial of second kind, was introduced by Schur [8] more than two decades later in 1923. It may be noted that these polynomials are closely related to the classical Chebyshev polynomials. We refer interested readers to the monograph [7] for more details about Dickson polynomials. The k-th reversed Dickson polynomial of the first kind was introduced in 2009 by Hou, Mullen, Sellers and Yucas [6] by interchanging the roles of X and a in the k-th Dickson polynomial of first kind. In 2013, Wang and Yucas [9] defined the (m + 1)-th kind of Dickson polynomial, where m is a non-negative integer as follows
where a ∈ F q is a parameter and D 0,m (X, a) = 2−m. It is clear from the definition that D k,0 (X, a) = D k (X, a) and D k,1 (X, a) = E k (X, a). The authors also gave a recurrence relation,
(1.2) D k,m (X, a) = mE k (X, a) − (m − 1)D k (X, a)
to find the Dickson polynomial of (m + 1)-th kind from the Dickson polynomial of first and second kind. The k-th reversed Dickson polynomial of (m + 1)-th kind is also defined in the same way just by reversing the roles of the variable X and the parameter a in (1.1), which would lead to the following expression
Throughout this paper, we shall denote D k,2 (X, a) by F k (X, a), D k,3 (X, a) by G k (X, a) and D k,4 (X, a) by H k (X, a), respectively. It is also clear from (1.2) that for any finite field F q of characteristic p, D k,m+p (X, a) = D k,m (X, a) and thus, we shall restrict ourselves to the case m < p.
A Dembowski-Ostrom (DO) polynomial over a finite field F q is a polynomial that admits the following shape
where a ij ∈ F q . These polynomials were introduced by Peter Dembowski and Ted Ostrom [3] . Coulter and Matthews [1] later termed these polynomials as Dembowski-
In 2010, Coulter and Matthews [2] completely classified DO polynomials from Dickson polynomials of first and second kind over finite fields of odd characteristic. The authors also considered the problem that when the DO polynomials obtained from Dickson polynomials of first and second kind are planar functions. Further results on planar DO polynomials can be found in [11] . DO polynomials from reversed Dickson polynomials of first and second kind over finite fields of characteristic 2 were studied by Zhang, Wu and Liu [10] . Recently, Fernando, Hasan and Pal [5] studied DO polynomials from reversed Dickson polynomial of (m + 1)-th kind over finite fields of odd characteristic. Motivated by these results, we consider the problem of classifying DO polynomials from Dickson polynomials of (m + 1)-th kind over finite fields of odd characteristic. Following the work of Coulter and Matthews [2] , we take the composition of the Dickson polynomial with X d , where d is a positive integer and consider the polynomial D k,m (X d , a) − D k,m (0, a), which, in short, we shall denote by D k,m . Here the difference is considered to exclude the constant term D k,m (0, a), which arises only when k is even. We now give the structure of the paper. In Section 2, we give a complete classification of DO polynomials obtained from the polynomials D k,2 . In Section 3 and 4, we give a complete classification of DO polynomials arising from the polynomials D k,3 and D k,4 , respectively. The DO polynomials stemming from D k,m , when m ≥ 5, have been considered in Section 5. In Section 6, we give a list of all DO polynomials obtained from D k,m . It would be interesting to explore the planarity aspects of DO polynomials obtained in Section 6, which we plan to consider in future. However, it may be noted that irrespective of whether or not we obtain any new planar DO polynomial from D k,m , the results of this paper may still be of some independent interest to the general audience.
Dickson Polynomials of third Kind
We know that DO polynomials are closed under the left or write composition with X p , therefore, it is sufficient to consider the cases when (d, p) = 1. However, since D kp,m (X, a) = D k,m (X, a) p for m ≥ 1, we shall not put the restriction that (k, p) = 1. One may also note that the monomial X rd is DO polynomial if and only if rd = p β (p α + 1), where β is the highest exponent of p such that p β | r. It is clear that whenever (r, p) = 1, we must have β = 0. These assumptions and conventions shall remain effective across the Sections.
We denote the polynomial F k (X d , a) − F k (0, a) by F k , whose expression is given by
i.e.,
The following theorem gives the conditions on k, d and p for which the polynomial F k is a DO polynomial.
Theorem 2.1. Let q be a power of odd prime p and a ∈ F * q . The polynomial F k is DO polynomial over F q if and only if one of the following holds.
(1) k = 1 and d = p n (p α + 1) for non-negative integers α and n.
(2) k = 2 and d = p n (p α + 1)/2 for non-negative integers α and n.
(3) k = 3 and either (a) p = 3 and d = p n (p α + 1) for non-negative integers α and n; or (b) p = 5 and d = 2p n for non-negative integer n. (4) k = 4, p = 3 and d = p n for non-negative integer n. (5) k = 5 and either (a) p = 3 and d = 2p n for non-negative integer n; or (b) p = 5 and d = 2p n for non-negative integer n. (6) k = 6, p = 3 and d = p n for non-negative integer n. (7) k = 9, p = 3 and d = 4p n for non-negative integer n. (8) k = 12, p = 3 and d = p n for non-negative integer n.
Proof. It is easy to see that each of the cases listed in the theorem correspond to the DO polynomials. Now it only remains to show that all the DO polynomials obtained from the polynomial F k shall fall in any one of the above mentioned cases.
We begin with the polynomial F 1 = X d and it will be a DO polynomial if d is of the form p α + 1. The polynomial F 2 = X 2d will be a DO polynomial if d is of the form (p α + 1)/2. The polynomial F 3 = X 3d − aX d will be a DO polynomial if d = p α + 1 and 3d = p s (p β + 1). Now p s | 3 implies that either p = 3 and s = 1 or p > 3 and s = 0. In the event of p = 3, F 3 will be DO polynomial if d is of the form p α + 1. However, in case of p > 3, we have d = p α + 1 and 3d = p β + 1 and these equations would lead to 3p α + 2 = p β , which is true if and only if α = 0, β = 1 p = 5 and d = 2. The polynomial F 4 = X 4d − 2aX 2d will be a DO polynomial if 2d = p α + 1 and 4d = p β + 1. Thus, we get 2p α + 1 = p β , which is true if and only if α = 0, β = 1, p = 3 and d = 1. For the polynomial F 5 = X 5d − 3aX 3d + a 2 X d , we are going to have two distinct cases, namely, p = 3 and p > 3. If p = 3 then the coefficients of X 5d and X d are nonzero. Thus, F 5 will be DO polynomial if d = 3 α + 1 and 5d = 3 β + 1. Hence, 5 · 3 α + 4 = 3 β , which forces α = 0, β = 2 and d = 2. If p > 3 then the coefficients of X 5d , X 3d and X d are nonzero. Therefore, F 5 will be a DO polynomial if d = p α + 1, 3d = p β + 1 and 5d = p s (p γ + 1). On solving first two equations, we get 3 · 5 α + 2 = 5 β , which is true if and only if α = 0, β = 1, p = 5 and d = 2. Now putting these values into third equation, we have 10 = 5 s (5 γ + 1), which gives s = 1 and γ = 0. Similarly, for the polynomial F 6 = X 6d − 4aX 4d + 3a 2 X 2d , we have two cases. If p = 3 then the coefficients of X 6d and X 4d are nonzero. Thus, F 6 will be a DO polynomial if 4d = 3 α + 1 and 6d = 3 s (3 β + 1). Since 3 s | 6, we have s = 1 and hence, second equation reduces to 2d = 3 β + 1. On solving these equations, we get 2 · 3 β + 1 = 3 α , which forces β = 0, α = 1 and d = 1. If p > 3 then the coefficients of X 2d , X 4d and X 6d are nonzero. In this case, F 6 will be a DO polynomial if 2d = p α + 1, 4d = p β + 1 and 6d = p γ + 1. On solving first two equations, we get 2 · p α + 1 = p β , which forces α = 0. Thus, we get p β = 3, which is a contradiction to our assumption that p > 3.
For k ≥ 7, consider the following cases.
In this case, the coefficients of X kd and X (k−2)d in F k are nonzero. Therefore, F k will be a DO polynomial if kd = p α + 1 and (k − 2)d = p β + 1 and hence, 2d = p α − p β . Since k ≥ 7, we have α, β ≥ 1, which implies that p | d. This gives us contradiction to the fact that (p, d) = 1. Therefore, F k is not DO.
In this case, coefficient of X kd in F k is nonzero. Now if p = 3 then k ≡ 2 (mod 3) implies that 3 ∤ (k − 3) and 3 ∤ (k − 4) and thus, the coefficient of X (k−4)d is nonzero. If p > 3 then k ≡ 2 (mod p) implies that k ≡ 3, 4 (mod p) and again, the coefficient of X (k−4)d is nonzero. Thus, F k will be a DO polynomial if kd = p α + 1 and (k − 4)d = p β + 1. Solution to these equations yields 4d = p α − p β . Since k ≥ 7, we have α, β ≥ 1, which implies that p | d. This gives a contradiction. Therefore, F k is not DO.
Case 3 k ≡ 0 (mod p).
Here we take two subcases, namely, p = 3 and p > 3. Subcase 3.1 p = 3. In this case, F 9 = X 9d + 2aX 7d + 2a 3 X 3d + a 4 X d will be a DO polynomial if 9d = 3 s (3 α + 1), 7d = 3 β + 1, 3d = 3 t (3 γ + 1) and d = 3 δ + 1. Since 3 s | 9 and 3 t | 3, we must have s = 2 and t = 1. Therefore, the first and third equations reduce to d = 3 α + 1 and d = 3 γ + 1. Hence, by solving first two equations, we get 3 β = 7 · 3 α + 6, which forces α = 1, β = 3 and d = 4. Similarly, the polynomial F 12 = X 12d +2aX 10d +a 3 X 6d +2a 4 X 4d will be a DO polynomial if 12d = 3 s (3 α + 1), 10d = 3 β + 1, 6d = 3 t (3 γ + 1) and 4d = 3 δ +1. Now 3 s | 12 and 3 t | 6 implies that s = 1 and t = 1, respectively. Therefore, the first and third equations reduce to 4d = 3 α + 1 and 2d = 3 γ + 1, respectively. Now solving the second and third equations, we get 3 β = 5 · 3 γ + 4, which forces γ = 0 that, in turn, gives d = 1, β = 2 and α = δ = 1. In the rest of this subcase, we shall prove that the polynomial F k is never DO whenever k ≥ 15 and k ≡ 0 (mod 3). Suppose on the contrary that F k is DO. Since k ≡ 0 (mod 3), therefore k ≡ 1, 2 (mod 3), hence the coefficients of X kd and X (k−2)d are nonzero. Since F k is DO by our assumption, therefore, kd = 3 s (3 α + 1) and (k − 2)d = 3 β + 1. Notice that since k ≥ 15, we must have β ≥ 3, which implies that d ≡ 1 (mod 3). From the first equation, since 3 s | k, therefore, k = u · 3 s for some positive integers u and s. Putting this value of k in the first equation, we obtain ud = 3 α + 1. We now consider two cases, namely, α = 0 and α ≥ 1. In the case α = 0, we have ud = 2. Therefore, either d = 2 and u = 1 or d = 1 and u = 2. First case is not possible as d ≡ 1 (mod 3). In the case of d = 1 and u = 2, we have k = 2 · 3 s and k − 2 = 3 β + 1. Solving these two equations, we have 2 · 3 s−1 − 3 β−1 = 1. Again we have two cases, namely, s = 1 and s ≥ 2. If s = 1, we have 3 β−1 = 1 which is a contradiction as β ≥ 3. In the case of s ≥ 2, we have 2 · 3 s−1 − 3 β−1 = 1 and taking modulo 3, we get 0 ≡ 1 (mod 3), a contradiction. In the case α ≥ 1, equation ud = 3 α + 1 implies that ud ≡ 1 (mod 3) and since d ≡ 1 (mod 3), therefore u ≡ 1 (mod 3). We now show that in this case, k ≡ 6 (mod 9). Recall that k = u · 3 s . If u ≡ 1 (mod 3) then u = 3n + 1 for some non-negative integer n. If n = 0, then u = 1 and k = 3 s . But for k ≥ 15, we must have s ≥ 3, which implies that k ≡ 0 (mod 9) and hence, k ≡ 6 (mod 9). In the case n ≥ 1, we have k = u · 3 s = (3n + 1)3 s = n · 3 s+1 + 3 s .
If s ≥ 2 then k ≡ 0 (mod 9) and if s = 1 then k = 9n + 3, which implies that k ≡ 3 (mod 9). Therefore k ≡ 6 (mod 9).
We now show that the fifth term in F k given by
will exist. Note that k ≡ 0 (mod 3) implies that 3 ∤ (k − 5), 3 ∤ (k − 7) and 3 ∤ (k − 8). Moreover, since we have already seen that k ≡ 6 (mod 9), therefore the highest power of 3 that can divide the numerator of the coefficient of X (k−8)d is 1 and the highest power of 3 that divides 4! is 1. Therefore, the coefficient of X (k−8)d is nonzero. Since F k is DO polynomial, therefore (k − 2)d = 3 β + 1 and (k − 8)d = 3 γ + 1. Now since k ≥ 15, therefore β, γ ≥ 2. On solving these two equations, we have 6d = 3 β − 3 α but then 3 | d which will be a contradiction as (d, 3) = 1. Thus, our assumption that F k is DO is wrong. This proves the desired result. Subcase 3.2 p > 3. In this case, k ≡ 2, 3, 4 (mod p). Therefore, the coefficients of X (k−2)d and X (k−4)d are nonzero. Thus, F k will be a DO polynomial if (k − 2)d = p α + 1 and (k − 4)d = p β + 1. On solving these two equations, we have 2d = p α − p β . Since k ≥ 7, we must have α, β ≥ 1, which implies that p | d. This leads to a contradiction. Therefore, F k is not DO in this case.
Dickson Polynomials of fourth Kind
We denote the polynomial G k (X d , a) − G k (0, a) by G k . Then
i.e., (3.1)
Since, for p = 3, G k = D k,0 . Thus, for the case p = 3, G k will be a DO polynomial whenever D k,0 is DO. Consequently, the case p = 3, follows immediately from [2, Theorem 2.1]. For p ≥ 5, we prove the following theorem. (1) k = 1 and d = p n (p α + 1) for non-negative integers α and n.
(3) k = 3 and d = p n (p α + 1)/3 for non-negative integers α and n.
(4) k = 5, p = 5 and d = 2p n for non-negative integer n.
Proof. It is enough to prove only the sufficient part of the theorem. Note that G 1 = X d , G 2 = X 2d and G 3 = X 3d will be DO polynomial if d is of the form p α + 1, (p α + 1)/2 and (p α + 1)/3, respectively. The polynomial G 4 = X 4d − aX 2d will be a DO polynomial if 2d = p α + 1 and 4d = p β + 1. Hence, 2p α + 1 = p β , which forces α = 0 and p β = 3, a contradiction as p > 3. Therefore, G 4 is not DO. The polynomial G 5 = X 5d − 2aX 3d − a 2 X d will be DO if d = p α + 1 , 3d = p β + 1 and 5d = p s (p γ + 1). Solving first two equations, we have 3p α + 2 = p β , which is true if and only if α = 0, β = 1, p = 5 and d = 2. Now putting these values into third equation, we have 10 = 5 s (5 γ + 1), which gives s = 1 and γ = 0. The polynomial G 6 = X 6d − 3aX 4d will be DO if 4d = p α + 1 and 6d = p β + 1. On solving these two equations, we have 3p α + 1 = 2p β which forces α = 0 and p β = 2. This gives a contradiction. Therefore, G 6 is not DO. The polynomial G 7 = X 7d − 4aX 5d + 2a 2 X 3d + 2a 3 X d will be a DO polynomial if d = p α + 1, 3d = p β + 1, 5d = p s (p γ + 1) and 7d = p t (p δ + 1). On solving first two equations, we have 3p α + 2 = p β , which is true if and only if α = 0, β = 1, d = 2 and p = 5. Now putting this into fourth equation, we get t = 0 and 5 δ = 13, which is a contradiction. Therefore, G 7 is not DO. For the polynomial G 8 = X 8d − 5aX 6d + 5a 2 X 4d + 2a 3 X 2d , we shall consider two cases, namely, p = 5 and p > 5. In the case p = 5, coefficients of X 2d and X 8d are nonzero. Thus, G 8 will be a DO polynomial if 2d = 5 α + 1 and 8d = 5 β + 1. On solving the two equations, we have 4.5 α + 3 = 5 β , which forces α = 0 and 5 β = 7. This leads to a contradiction. Therefore, G 8 is not DO polynomial in this case. For the case p > 5, the coefficients of X 2d , X 4d , X 6d and X 8d in G 8 are nonzero. Thus, G 8 will be a DO polynomial if 2d = p α + 1, 4d = p β + 1, 6d = p γ + 1 and 8d = p δ + 1. On solving first two equations, we have 2p α + 1 = p β , which forces α = 0 and p β = 3. Thus, we arrive at a contradiction. Therefore, G 8 is not DO. For k ≥ 9, we proceed by doing the following cases. Case 1 k ≡ 0, 2, 3 (mod p).
In this case, the coefficients of X kd and X (k−2)d are nonzero. Therefore, G k will be a DO polynomial if kd = p α + 1 and (k − 2)d = p β + 1. On solving these two equations, we have 2d = p α − p β . Since k ≥ 9, we must have α, β ≥ 1, which implies that p | d. This leads to a contradiction. Case 2 k ≡ 0 (mod p). In this case, k ≡ 2, 3, 4, 6 (mod p) and hence, the coefficients of X (k−2)d and X (k−4)d are nonzero. Thus, G k will be a DO polynomial if (k−2)d = p α +1 and (k−4)d = p β +1. Solving these two equations, we have 2d = p α − p β . Since k ≥ 9, we have α, β ≥ 1, which implies that p | d. This gives a contradiction.
Case 3 k ≡ 2 (mod p).
In this case, k ≡ 0, 3, 4, 6 (mod p) and hence, the coefficients of X kd and X (k−4)d are nonzero. Therefore, G k will be DO polynomial if kd = p α + 1 and (k − 4)d = p β + 1. Solving these two equations, we have 4d = p α −p β . Since k ≥ 9, we must have α, β ≥ 1, which implies that p | d. Thus, we arrive at a contradiction.
Case 4 k ≡ 3 (mod p).
In this case k ≡ 0, 4, 5, 6, 9 (mod p) and hence the coefficients of X kd and X (k−6)d are nonzero, therefore G k will be DO polynomial if kd = p α + 1 and (k − 6)d = p β + 1. Solving these two equations we have 6d = p α − p β . Since k ≥ 9, therefore α, β ≥ 1 which implies that p | d, a contradiction.
Dickson polynomials of fifth Kind
We denote the polynomial H k (X d , a) − H k (0, a) by H k . Then
Since, for p = 3, H k = D k,1 . Thus, for p = 3, H k will be DO polynomial whenever D k,1 is DO. As a consequence, the case p = 3 follows immediately from [2, Theorem 3.1]. For p ≥ 5, we prove the following theorem. (1) k = 1 and d = p n (p α + 1) for non-negative integers α and n.
(3) k = 4 and d = p n (p α + 1)/4 for non-negative integers α and n.
(4) k = 3, 5, p = 5 and d = 2p n for non-negative integer n.
Proof. The necessary part of the theorem is obvious. Thus, we shall focus only on the sufficient part. It may be noted that H 1 = X d , H 2 = X 2d and H 4 = X 4d will be a DO polynomial if d is of the form p α + 1, (p α + 1)/2 and (p α + 1)/4, respectively. The polynomial H 3 = X 3d + aX d will be a DO polynomial if d = p α + 1 and 3d = p β + 1. Hence, 3p α + 2 = p β , which is true if and only if α = 0, β = 1, p = 5 and d = 2. Again, the polynomial H 5 = X 5d − aX 3d − 3a 2 X d will be a DO polynomial if d = p α + 1 , 3d = p β + 1 and 5d = p s (p γ + 1). Solving first two equations, we have 3p α + 2 = p β , which is true if and only if α = 0, β = 1, p = 5 and d = 2. Now putting these values into third equation, we have 10 = 5 s (5 γ + 1), which gives s = 1 and γ = 0. The polynomial H 6 = X 6d − 2aX 4d − 3a 2 X 2d will be a DO polynomial if 2d = p α + 1, 4d = p β + 1 and 6d = p γ + 1. On solving first two equations, we get 2p α + 1 = p β , which forces α = 0 and p β = 3 and this leads to a contradiction. Therefore, H 6 is not DO. For the polynomial H 7 = X 7d − 3aX 5d − 2a 2 X 3d + 5a 3 X d , we consider the two cases, namely, p = 5 and p > 5. For the case p = 5, H 7 will be DO if 3d = 5 α + 1, 5d = 5 s (5 β + 1) and 7d = 5 γ + 1. Solving first and third equations, we have 7 · 5 α + 4 = 3 · 5 γ , which forces α = 0 and 3 · 5 γ = 11, a contradiction. For the case, p > 5, H 7 will be DO if d = p α + 1, 3d = p β + 1, 5d = (p γ + 1) and 7d = p t (p δ +1). On solving first two equations, we have 3p α +2 = p β which forces α = 0, and p β = 5, which is a contradiction. Again the polynomial H 8 = X 8d −4aX 6d +8a 3 X 2d will be a DO polynomial if 2d = p α + 1, 6d = p β + 1 and 8d = p γ + 1. On solving first two equation, we have 3p α + 2 = p β which is true if and only if α = 0, β = 1, d = 1 and p = 5. Now putting these values into third equation we have 5 γ = 7, which is a contradiction. For the polynomial H 9 = X 9d − 5aX 7d + 3a 2 X 5d + 10a 3 X 3d − 7a 4 X d , we shall consider two cases, namely, p = 5 and p > 5. For the case p = 5, the coefficients of X d , X 5d and X 9d in H 9 are nonzero. Thus, H 9 will be a DO polynomial if d = 5 α + 1, 5d = 5 s (5 β + 1) and 9d = 5 γ + 1. Since 5 s | 5, we have s = 1. Thus, the second equation reduces to d = 5 β + 1. On solving first and third equation, we have 9 · 5 α + 8 = 5 β , which forces α = 0, 5 γ = 17, a contradiction. For the case p > 5, the coefficients of X 3d , X 5d and X 9d are nonzero. Thus, H 9 will be a DO polynomial if 3d = p α + 1, 5d = p β + 1, and 9d = p γ + 1. On solving first two equation, we have 5p α + 2 = 3p β , which forces α = 0 and 3p β = 7. This gives a contradiction. Similarly, for the polynomial H 10 = X 10d −6aX 8d +7a 2 X 6d +10a 3 X 4d −15a 4 X 2d , we shall consider two cases, namely, p = 5 and p > 5. For the case p = 5, the coefficients of X 6d , X 8d and X 10d are nonzero. Thus H 10 will be a DO polynomial if 6d = 5 α + 1, 8d = 5 β + 1 and 10d = 5 s (5 γ + 1). On solving first two equations, we have 4.5 α + 1 = 3.5 β , which forces α = 0 and 3.5 β = 5 and this leads to a contradiction. If p > 5 then the coefficients of X 2d and X 4d are nonzero. Therefore, H 10 will be a DO polynomial if 2d = p α + 1 and 4d = p β + 1. On solving these two equations, we have 2p α + 1 = p β , which forces α = 0 and p β = 3. This gives a contradiction and therefore, H 10 is not DO.
For k ≥ 11, we proceed by considering various cases. Case 1 k ≡ 0, 2, 4 (mod p).
In this case, the coefficients of X kd and X (k−2)d in H k are nonzero. Therefore, H k will be a DO polynomial if kd = p α + 1 then (k − 2)d = p β + 1. On solving these two equation we have 2d = p α − p β . Since k ≥ 11, we have α, β ≥ 1, which implies that p | d. This leads to a contradiction. Therefore, H k is not DO.
Case 2 k ≡ 0 (mod p).
In this case, k ≡ 2, 3, 4, 8 (mod p) and hence, the coefficients of X (k−2)d and X (k−4)d in H k are nonzero. Therefore, H k will be DO polynomial if (k − 2)d = p α + 1 and (k − 4)d = p β + 1. Solving these two equations we have 2d = p α − p β . Since k ≥ 11, we must have α, β ≥ 1, which implies that p | d. This gives a contradiction, therefore, H k is not DO.
In this case, k ≡ 0, 3, 4, 8 (mod p) and hence, the coefficients of X kd and X (k−4)d in H k are nonzero. Therefore, H k will be DO polynomial if kd = p α + 1 and (k − 4)d = p β + 1.
Solving these two equations we have 4d = p α − p β . Since k ≥ 11, we have α, β ≥ 1 which implies that p | d. This leads to a contradiction, therefore, H k is not DO.
Case 4 k ≡ 4 (mod p).
Consider the fifth term in H k given by
Since, k ≡ 0, 5, 6, 7, 8, 16 (mod p) and hence, the coefficients of X kd and X (k−8)d in H k are nonzero. Therefore, H k will be DO polynomial if kd = p α + 1 and (k − 8)d = p β + 1. Solving these two equations, we have 8d = p α − p β . Since k ≥ 11, we have α, β ≥ 1 which implies that p | d, a contradiction. Therefore, H k is not DO.
The case m ≥ 5
As alluded to in the Introduction, we denote the polynomial D k,m (X d , a)−D k,m (0, a) by D k,m , whose expression is given by
In this section, we find conditions on k, m, p and d for which the polynomial D k,m is DO polynomial. For the case p = 3, we have either m ≡ 0 (mod 3) or m ≡ 1 (mod 3) or m ≡ 2 (mod 3). Therefore, in these cases, the polynomial D k,m will be a DO polynomial whenever D k,0 , D k,1 and F k are DO, respectively. Thus, for the case p = 3, the classification follows from [2, Theorem 2.1 and 3.1] and from the Section 2 of this paper, respectively. Similarly, for p = 5, we have either m ≡ 0 (mod 5) or m ≡ 1 (mod 5) or m ≡ 2 (mod 5) or m ≡ 3 (mod 5) or m ≡ 4 (mod 5). In these cases, the polynomial D k,m will be a DO polynomial whenever D k,0 , D k,1 , F k , G k and H k are DO, respectively. In the case p > 5, the cases m ≡ 0, 1, 2, 3, 4 (mod p) are already classified in [2, Theorem 2.1 and 3.1] and in Section 2, 3 and 4 of this paper, respectively. For the case p > 5 and m ≡ 0, 1, 2, 3, 4 (mod p), we prove the following theorem.
Theorem 5.1. Let q be a power of odd prime p > 5 and m ≡ 0, 1, 2, 3, 4 (mod p). The polynomial D k,m is DO polynomial over F q if and only if one of the following holds.
Proof. Since necessary part of the theorem is clear, we shall prove only the sufficient part. Notice that D 1,m = X d and D 2,m = X 2d will be DO polynomial if d is of the form p α + 1 and (p α + 1)/2, respectively. For the polynomial D 3,m = X 3d + (m − 3)aX d , the coefficient of X d would be nonzero. Otherwise, m ≡ 3 (mod p), which will lead to a contradiction to fact that m ≡ 3 (mod p). Therefore, D 3,m will be a DO polynomial if d = p α + 1 and 3d = p β + 1. On solving these equations, we have 3p α + 2 = p β , which forces α = 0 and p β = 5. This gives a contradiction and therefore, D 3,m is not DO. For the polynomial D 4,m = X 4d +(m−4)aX 2d , the coefficient of X 2d is nonzero. Therefore, D 4,m will be DO if 2d = p α + 1 and 4d = p β + 1. On solving these equations, we have 2p α + 1 = p β , which forces α = 0 and p β = 3. This leads to a contradiction. Therefore, D 4,m is not DO. Note that in the polynomial D 5,m = X 5d +(m−5)aX 3d +(5−2m)a 2 X d , the coefficients of X d and X 3d can not be simultaneously zero. Otherwise, 2m ≡ 5 (mod p) and m ≡ 5 (mod p) would imply that m ≡ 0 (mod p), which is a contradiction as m ≡ 0 (mod p). In the case, when m ≡ 5 (mod p), D 5,m will be a DO polynomial if d = p α + 1 and 5d = p β + 1. On solving these equations, we have 5p α + 4 = p β , which forces α = 0 and p β = 9. This gives a contradiction. Therefore, D 5,m is not DO. Further, in the case, when m ≡ 5 (mod p), D 5,m will be a DO polynomial if 3d = p α + 1 and 5d = p β + 1. On solving these equations, we obtain 5p α + 2 = 3p β , which forces α = 0 and 3p β = 7. This leads to a contradiction and therefore, D 5,m is not DO. For the polynomial D 6,m = X 6d + (m − 6)aX 4d + 3(3 − m)a 2 X 2d , the coefficient of X 2d would be nonzero. Otherwise, m ≡ 3 (mod p), which is a contradiction. Therefore, D 6,m will be a DO polynomial if 2d = p α + 1 and 6d = p β + 1. On solving these equations, we get 3p α + 2 = p β , which forces α = 0 and p β = 5 and we arrive at a contradiction. Therefore, D 6,m is not DO. Now for k ≥ 7, we have following cases. Case 1 If k ≡ 0, 2, m (mod p).
In this case, the coefficients of X kd and X (k−2)d are nonzero. Therefore, D k,m will be a DO polynomial if kd = p α + 1 and (k − 2)d = p β + 1. On solving these equations, we obtain 2d = p α − p β . Note that we must have for k ≥ 7, α, β ≥ 1, which forces p | d. Thus, we arrive at a contradiction. Therefore, D k,m is not DO.
Case 2 If k ≡ 0 (mod p).
In this case, k ≡ 2, 3, 4 (mod p). Also, we observe that k ≡ m (mod p), otherwise, m ≡ 0 (mod p), which is a contradiction. Similarly, k ≡ 2m (mod p), otherwise m ≡ 0 (mod p), which is again a contradiction. Therefore, in this case, the coefficients of X (k−2)d and X (k−4)d are nonzero. Thus, D k,m will be a DO polynomial if (k − 2)d = p α + 1 and (k − 4)d = p β + 1. On solving these equations, we have 2d = p α − p β . For k ≥ 7, we must have α, β ≥ 1, which forces p | d. This leads to a contradiction. Therefore, D k,m is not DO.
Case 3 If k ≡ 2 (mod p).
In this case, k ≡ 0, 3 (mod p). Also, we observe that k ≡ 2m (mod p). Otherwise m ≡ 1 (mod p), which would lead to a contradiction. In this case, the coefficients of X kd and X (k−4)d in D k,m are nonzero. Therefore, D k,m will be a DO polynomial if kd = p α + 1 and (k − 4)d = p β + 1. On solving these equations, we have 4d = p α − p β . Now for k ≥ 7, we must have α, β ≥ 1, which forces p | d. Thus, we arrive at a contradiction, Hence, D k,m is not DO.
Case 4 If k ≡ m (mod p).
In this case, k ≡ 0, 3, 4 (mod p). Also, we observe that k ≡ 2m (mod p). Otherwise m ≡ 0 (mod p), which would lead to a contradiction. In this case, the coefficients of X kd and X (k−4)d in D k,m are nonzero. Therefore, D k,m will be a DO polynomial if kd = p α + 1 and (k − 4)d = p β + 1. On solving these equations, we have 4d = p α − p β . For k ≥ 7, we have α, β ≥ 1, which forces p | d. This gives a contradiction. Therefore, D k,m is not DO.
